Spin squeezing in a Rydberg lattice clock. by Gil,  L.I.R. et al.
Durham Research Online
Deposited in DRO:
02 June 2014
Version of attached ﬁle:
Published Version
Peer-review status of attached ﬁle:
Peer-reviewed
Citation for published item:
Gil, L.I.R. and Mukherjee, R. and Bridge, E.M. and Jones, M.P.A. and Pohl, T. (2014) 'Spin squeezing in a
Rydberg lattice clock.', Physical review letters., 112 (10). p. 103601.
Further information on publisher's website:
http://dx.doi.org/10.1103/PhysRevLett.112.103601
Publisher's copyright statement:
Reprinted with permission from the American Physical Society: L.I.R. Gil, R. Mukherjee, E.M. Bridge, M.P.A. Jones,
and T. Pohl, Physical Review Letters, 112, 10, 103601, 2014. c© 2014 by the American Physical Society. Readers may
view, browse, and/or download material for temporary copying purposes only, provided these uses are for
noncommercial personal purposes. Except as provided by law, this material may not be further reproduced,
distributed, transmitted, modiﬁed, adapted, performed, displayed, published, or sold in whole or part, without prior
written permission from the American Physical Society.
Additional information:
Use policy
The full-text may be used and/or reproduced, and given to third parties in any format or medium, without prior permission or charge, for
personal research or study, educational, or not-for-proﬁt purposes provided that:
• a full bibliographic reference is made to the original source
• a link is made to the metadata record in DRO
• the full-text is not changed in any way
The full-text must not be sold in any format or medium without the formal permission of the copyright holders.
Please consult the full DRO policy for further details.
Durham University Library, Stockton Road, Durham DH1 3LY, United Kingdom
Tel : +44 (0)191 334 3042 | Fax : +44 (0)191 334 2971
http://dro.dur.ac.uk
Spin Squeezing in a Rydberg Lattice Clock
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We theoretically demonstrate a viable approach to spin squeezing in optical lattice clocks via optical
dressing of one clock state to a highly excited Rydberg state, generating switchable atomic interactions. For
realistic experimental parameters, these interactions are shown to generate over 10 dB of squeezing in large
ensembles within a few microseconds and without degrading the subsequent clock interrogation.
DOI: 10.1103/PhysRevLett.112.103601 PACS numbers: 42.50.Dv, 06.30.Ft, 32.80.Ee, 32.80.Qk
The precise measurement of frequency in atomic systems
has important applications both in fundamental science,
such as tests of relativity [1,2] and searches for physics
beyond the standard model [3], and in technologies such as
satellite navigation [4]. Frequency standards based on
optical transitions have begun to surpass the performance
of microwave standards, currently used to define the second
[5]. In fact, comparisons between optical clocks based on
single ions [6] or ensembles of neutral atoms [7,8] are now
the most precise measurements ever made. Yb and Sr
optical lattice clocks have reached fractional frequency
instabilities of 10−17 in less than one hour [8,9], approach-
ing the limit imposed by the quantum projection noise
associated with measurements on independent atoms.
Squeezing, or quantum correlations between the atoms,
can be used to beat this limit and improve the signal-
to-noise ratio [10,11], as was proposed [12–14] and
demonstrated [15,16] in the context of ion traps. Recent
experiments have broken the projection noise limit on
microwave clock transitions [17,18]. However, as the state-
of-the-art moves towards optical standards, an outstanding
challenge is to find an effective method [19–26] for
generating squeezed states in lattice clocks.
In this Letter, we describe an approach to generating
squeezed states of large numbers of atoms in optical lattices
of various geometries by exploiting the strong interaction
between highly excited atoms. The strong van der Waals
interactions between Rydberg atoms provide a route to
creating multipartite entangled states via the so-called
dipole blockade [27], including states suitable for quan-
tum-enhanced measurements [28–32]. Here, we consider
an off resonant coupling to the Rydberg state, which
introduces a switchable, long-range interaction between
the atoms in the lattice clock. We show that for realistic
experimental parameters, considerable squeezing can be
produced within a few microseconds interaction time.
The scheme requires only one additional laser, that is
switched off during clock operation.
An optical lattice clock consists of an ensemble of N
atoms trapped in a d-dimensional optical lattice with lattice
constant a ¼ λ=2. The clock operates on an intercombi-
nation transition between the singlet ground state (jgi) and
a long-lived excited triplet state (jei), as shown in Fig. 1(a).
The optical lattice is tuned to a magic wavelength, λ, where
FIG. 1 (color online). (a) Energy level diagram, labeled for the
specific example of strontiumatoms.Transitionsbetween the clock
states jgi and jei are laser driven with Rabi frequencyΩ. A second
laser off resonantly couples jei to a high-lying Rydberg state jri
with Rabi frequency ~Ω. For a large laser detuning Δ ≫ ~Ω, the
systemreduces toeffectivetwo-levelatomswithbinary interactions
shown by the solid curve in (b). The potential resembles the van der
Waals interaction ∼1=r6 (dotted curve) at large separation r, but
saturates below a critical distance Rc (vertical dashed line). For
typical parameters, the interaction potential in a lattice [60] (dashed
curve) is virtually identical to the continuumcase (solid line), given
by Eq. (3). (c) Spin-echo type squeezing protocol, consisting of
linear spin rotations around the x axis and nonlinear rotations
around the z axis, driven by the two laser fields. The resulting
evolution of the total spin is illustrated on a generalized Bloch
sphere. For clock operation, this spin-echo sequence is followed by
a conventional Rabi or Ramsey scheme.
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the relative Stark shifts of the two states cancel [33]. The
clock transition is driven with a coupling strength Ω (see
Fig. 1) for a high-precision measurement of the transition
frequency through Rabi or Ramsey interrogation schemes.
An ensemble ofN such two-level atoms is equivalent to a
collection of effective spins described by the spin operators
σˆðiÞx ¼ ðjgiiheij þ jeiihgijÞ=2, σˆðiÞy ¼ iðjgiiheij− jeiihgijÞ=2,
and σˆðiÞz ¼ ðjeiiheij − jgiihgijÞ=2. One can characterize the
many-body states of this system via the total spin Jˆ ¼P
iσˆ
ðiÞ that permits convenient visualization of the system
dynamics on a generalized Bloch sphere [Fig. 1(c)]. The
precision of a spin measurement is fundamentally limited
by the uncertainty relation ΔJˆ⊥;1ΔJˆ⊥;2 ≥ jhJˆij=2 that
relates the variances ΔJˆ⊥;1ð2Þ along two orthogonal direc-
tions perpendicular to the mean spin hJˆi [34].
For uncorrelated atoms, forming an N-particle coherent
spin state, thevariances Jˆ⊥;1 ¼ Jˆ⊥;2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jhJˆij=2
q
prescribe a
minimum uncertainty circle limited by quantum projection
noise in any direction. The creation of quantum correlations
between the atoms permits us to reduce the uncertainty
ΔJ⊥;min along one direction at the expense of the other,
leading to a squeezed uncertainty ellipse. The degree of
squeezing can be quantified by the squeezing parameter
ξ2 ¼ NðΔJ⊥;minÞ
2
hJ⃗i2 ; (1)
which quantifies directly the stability gain relative to an
uncorrelated coherent spin state, in the absence of additional
phase fluctuations [13]. In the presence of such fluctuations,
spin squeezing can still yield a significant improvement
depending on the details of the noise sources and the under-
lying interrogation scheme [35].
Since atoms are initially uncorrelated, squeezing requires
state-dependent atomic interactions [12,36]. The interaction
betweenatoms in theclockstates (jgiand jei) isverysmall. In
contrast, the van der Waals interaction, C6=r6 between
Rydberg atoms at a distance r takes on enormous values
and, thereby, provides a natural resource for creating corre-
lated states of neutral atoms [37–40]. For a strontium lattice
clock operating at the magic wavelength of λ ¼ 813 nm, the
nearest neighbor interactionC6=a6 between two j5s50s3S1i-
Rydberg state atoms exceeds 10 GHz [41].
These large interaction shifts can be exploited by adding
a single laser. It couples the long-lived triplet 3P0 state jei
to a Rydberg state jri via single photon excitation with a
Rabi frequency ~Ω (see Fig. 1). Highly excited atomic states
with principal quantum numbers n ¼ 50…100 have long
lifetimes on the order of τr ∼ 100 μs. In the present
situation, however, the production of large-N squeezed
states requires even longer coherence times. Therefore, we
consider a far off resonant coupling with detuning Δ ≫ ~Ω.
In this limit, the system can be described in terms of
effective two-level atoms composed of the unperturbed
ground state jgi and a new Rydberg-dressed excited clock
state, j~ei ∼ jei − εjri. Since only a small fraction ε ¼
~Ω=ð2ΔÞ of jri is admixed, the lifetime τr=ε2 of j~ei is
greatly enhanced.
Most importantly, the laser coupling induces a light shift
ΔEe of the clock states jeii [28] that, due to the Rydberg-
Rydberg atom interaction, is correlated with the positions ri
of atoms in jei. From perturbation theory up to fourth order
in ε [42],
ΔEe ¼
X
i
δejeiiheij þ
X
i<j
Vðjri − rjjÞjeiejiheiejj; (2)
where δe ¼ −Δð1 −
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 4ε2
p
Þ=2 is the single atom light
shift and
Vðri; rjÞ ¼ Vij ¼ V0
R6c
jri − rjj6 þ R6c ; (3)
corresponds to an effective two-body interaction [42–49].
Figure 1(b) illustrates the characteristic shape of the
potential. At large distances, independent dressing of the
atoms gives rise to a potential that resembles the original
interaction between the Rydberg atoms but with a reduced
van der Waals coefficient ε4C6. However, below the critical
distance Rc ¼ jðC6=ð2ℏΔÞÞj1=6 [42,44,45] simultaneous
dressing of both atoms is blocked by the interactions such
that the effective potential approaches a constant value
V0 ¼ ð ~Ω=2ΔÞ3ℏ ~Ω given by the difference in the light shift
of independent and fully blocked atoms [28].
Adopting the above spin notation and using this dressed-
state picture, oneobtains the following Ising-typeHamiltonian
H ¼ ℏΩJˆx þ
XN
i<j
Vijσˆ
ðiÞ
z σˆ
ðjÞ
z þ
X
i
δiσˆ
ðiÞ
z ; (4)
for the long-range interacting effective spins in a transverse
field of strength ℏΩ and an inhomogeneous longitudinal
field δi ¼ δe þ ð1=2Þ
P
j≠iVij. Importantly, the transverse
(Hˆx ¼ ℏΩJˆx) and longitudinal [Hˆz ¼
P
i<jVijσˆ
ðiÞ
z σˆ
ðjÞ
z þ
P
iδiσˆ
ðiÞ
z ] terms can be turned on and off independently
via the intensities of the two laser fields, thus, providing
great flexibility for the controlled creation of entangled
many-body states.
To demonstrate the feasibility of spin squeezing, we
consider here a spin-echo type sequence, illustrated in
Fig. 1(c). Starting from all atoms in the ground state jgi,
one first applies a π=2 pulse, with the dressing laser turned
off ( ~Ω ¼ 0), which rotates the total spin along the x axis
[see Fig. 1(c)]. Subsequent Rydberg dressing [28], i.e.,
application of the interaction Hamiltonian Hˆz, for a time
τ=2 then leads to a twisting of the uncertainty ellipse [12]
around the z axis. In order to eliminate the undesired linear
spin rotation and broadening due to the inhomogeneous
detunings δi, we subsequently apply a π pulse followed by
a second dressing phase of duration τ=2 and, finally,
another π=2 that rotates the total spin back along the
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z axis. The resulting dynamics can be solved analytically
and yields for the final mean spin, hJˆxi ¼ hJˆyi ¼ 0,
hJˆzi ¼ − 1
2
XN
i¼1
YN
k≠i
cosðφikÞ; (5)
where φij ¼ Vijτ=2ℏ. The perpendicular spin component
Jˆ⊥ðθÞ ¼ cosðθÞJˆx þ sinðθÞJˆy at an angle θ with respect to
the x axis has an uncertainty
ðΔJ⊥Þ2 ¼ cos2ðθÞhJˆ2xi þ sin2ðθÞhJˆ2yi
þ cosðθÞ sinðθÞhJˆxJˆy þ JˆyJˆxi; (6)
where hJˆ2yi ¼ N=4,
hJˆ2xi¼
N
4
þ1
4
XN
i<j
½
YN
k≠i;j
cosðφ−ijkÞ−
YN
k≠i;j
cosðφþijkÞ;
hJˆxJˆyþ JˆyJˆxi¼−
XN
i<j
sinðφijÞ
YN
k≠i;j
cosðφikÞ; (7)
and φijk ¼ φik  φjk.
In Fig. 2, we show the time evolution of the squeezing
parameter ξ2 obtained from Eqs. (5)–(7) upon minimizing
ΔJ⊥ with respect to θ. For simplicity, we assume an
occupation number of one atom per site, but generalizations
to higher and fluctuating lattice occupations are straight-
forward. For the chosen dressing parameters (Rc=a ¼ 3),
the squeezing parameter assumes its minimum value ξ2min
after a short time well below ℏ=V0. Higher dimensional
lattices yield stronger squeezing due to a larger number of
atoms Nc ∼ ðRc=aÞd within the soft-core radius Rc.
For small fully blockaded systems with N < Nc [28], the
interaction Hamiltonian reduces to Hˆz ¼ V0Jˆ2z=2þ δJˆz,
such that the above pulse sequence corresponds to standard
one-axis twisting by infinite-range interactions [12,28].
However, as shown in Fig. 3, the squeezing parameter ξ2min
continues to decrease for system sizes L ¼ N1=da well
beyond Rc, indicating that entanglement between distant
spins extends beyond the range of the interactions. For
small systems L < Rc Eqs. (5)–(7) yield the familiar ξ2min ∼
N−2=3 scaling [12], as indicated by the dashed line in Fig. 3.
Around L ¼ Rc, atoms start to explore the finite range of
Vij such that the length of the total spin, Jˆ
2, is no longer
conserved and the system is driven out of the symmetric
Dicke state basis with maximum hJˆ2i ¼ NðN=2þ 1Þ=2.
The corresponding decrease of hJˆ2i causes an accelerated
drop of the final signal hJˆzi, leading to a slight increase in
ξ2min. However, as the system size is increased further, the
continual reduction of ΔJ⊥;min compensates for the addi-
tional signal loss, such that ξ2min decreases well below the
full-blockade limit [28] (dotted line in Fig. 3).
The N → ∞ limit (dash-dotted line in Fig. 3) can
be calculated efficiently since in this case σˆðiÞα ¼ σˆðjÞα
(α ¼ x, y, z). Figure 4 shows this minimum squeezing
parameter ξ2∞ as a function of the interaction range Rc=a.
For Rc > a. the squeezing parameter is found to decrease as
ξ2∞ ∼ ðRc=aÞ−0.76d ∼ N−0.76c , i.e., showing a faster drop than
small, completely blocked ensembles. For a typical value of
Rc=a ¼ 5, we find sizeable squeezing of ξ2∞ ¼ 0.04 for 2D
and ξ2∞ ¼ 0.005 for 3D lattices. Equally important, the time
required to obtain optimal squeezing rapidly decreases with
Rc=a. For Rc=a ¼ 5, optimal squeezing is reached after a
total dressing time of τ ¼ 0.14ℏ=V0 for 2D and τ ¼
0.04ℏ=V0 for 3D lattices, such that dressing-induced losses
can be kept at a low level.
Finally, we consider the specific implementation of this
scheme in a Sr lattice clock, including decoherence
mechanisms due to the virtual excitation of Rydberg states.
Rydberg excitation of cold Sr atoms has been studied in
recent experiments [50–52], and was also considered for
blackbody thermometry in Sr lattice clocks [53]. The
5sns 3S1 Rydberg series has nearly isotropic, repulsive
van der Waals interactions [41], and can be accessed via
single-photon excitation from the 5s5p 3P0 level with
317 nm laser light. Tunable, solid-state lasers producing
∼0.5 W of narrow-band cw light have been developed for
FIG. 2 (color online). Time dependence of the squeezing
parameter ξ2 in a d-dimensional optical lattice for Rc=a ¼ 3.
Optimal squeezing is indicated by the symbols.
FIG. 3 (color online). Optimal squeezing parameter in a 2D
lattice as a function of N for Rc=a ¼ 5. The dashed curve shows
the result of one-axis twisting by infinite-range interactions [12],
which agrees with the exact calculations (circles) for small system
sizes N < Nc ¼ πðRc=2aÞ2 for which all atoms are blocked.
However, the squeezing parameter decreases well below the
corresponding value ξ2minðNcÞ (dotted line). For large N, ξ2min
approaches a limiting value ξ2∞ (dash-dotted line) as ∼N−1=2
(thick solid curve).
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similar wavelengths [54], which would permit coupling to
the j5s55s 3S1i state with a Rabi frequency of ~Ω=2π ≈
20 MHz for a reasonable beam waist of w ¼ 30 μm. With
Δ ¼ 20 Ω, these parameters yield a blockade radius of
Rc ¼ 5a and V0 ¼ 2 kHz. According to Fig. 4, this results
in a minimum squeezing parameter of ξ2∞ ¼ 5 × 10−3
within a dressing time of τ ¼ 20 μs for a 3D lattice clock.
This time scale is 3 orders of magnitude shorter than the
lifetime τryd=ε2 ≈ 60 ms of the Rydberg-dressed clock
state. Rydberg state decay causes simple dephasing of
the dressed clock transition [55,56] with a long time scale
τryd=ε2, having no significant effect on the attainable
squeezing, since ε2τ=τryd ≪ 1 for typical parameters.
The finite waist of the dressing beam limits the transverse
sample size for which strong squeezing can be obtained.
Explicit simulations, however, show that these inhomoge-
neity effects are rather modest, and, e.g., increase ξ by only
15% for a cubic sample of size ∼w=2, corresponding to
∼5 × 104 atoms. Moreover, straightforward estimates show
that typical errors in the area of the ~Ω pulses only cause
frequency shifts well below additional uncertainties of
lattices clocks [8,9].
Operating at themagicwavelength for the two clock states
prohibits identicalconfinementofRydbergatoms. In fact, the
Rydberg state polarizability even changes sign [57,58] and
yields an inverted lattice potential by a factor ≈ − 0.7 [31].
However, due to the weak Rydberg admixture to the excited
clock state, its trapping potential is modified only by a
negligible fraction of ∼0.5ε2 ¼ 3 × 10−4, and, hence, does
notcauseappreciableatomicmotion.Aspointedout in [59],a
more significant effect may arise from motional dephasing
induced by the strong van der Waals interaction between
excited Rydberg atoms. In the dressing regime, these
interactions, however, causenodecoherencebut onlymodify
the effective interaction potential to a negligible extend [60].
This is illustrated inFig.1(b) forRc ¼ 5aandamoderate trap
depth of 10 recoil energies [61]. Importantly, all of these side
effects operate onlywithin the interaction time τ, and, hence,
donotaffect thesubsequentmeasurement stageduringwhich
the dressing lasers are switched off.
In conclusion, we have shown that significant spin
squeezing can be obtained in existing optical lattice clocks
using only a single additional laser that couples one of the
clock states to a Rydberg state. Presently, the major
limitation of clock stabilities stems from fluctuations of
the probe laser [35], notably, the Dick effect [62], which
requires to minimize the dead time of the clock cycle for
optimal clock operation [8]. In this respect, an important
advantage of the present squeezing protocol is that its
duration is limited only by the total length of the involved
Ramsey pulses, ΩðtÞ. Hence, the signal-to-noise ratio can
be improved without a significant reduction in duty cycle.
Several extensions of the scheme seem promising. For
example, more involved two-axis twisting schemes [12]
seem possible [28] and will provide stronger squeezing.
Using the present coupling scheme, simultaneous driving
by the transverse (Hˆx) and longitudinal (Hˆz) Hamiltonians
[63,64] or optimized sequences of Hˆx and Hˆz [65] could
also yield enhanced squeezing. More broadly, the avail-
ability of long-lived triplet states in two-electron atoms
permits nS-Rydberg-state dressing via single-photon exci-
tation and, thus, with much higher Rabi frequency and
lower decoherence than possible for two-photon dressing
of alkaline atoms [42]. This opens up a promising route for
the exploration of strong long-range interactions in Bose-
Einstein condensates [46,47,49,66,67] and optical lattices
[68] as well as long-range interacting quantum spin
systems, using the setup described in this Letter.
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